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Abstract 
E. Michael and A.H. Stone have shown that any separable analytic metric space is an almost- 
open continuous image of the space ~2’. Hence the separable analytic metric spaces are precisely 
the quotients of the space of irrational numbers. Here it is shown that the nonseparable analytic 
metric spaces are precisely the continuous almost-open s-images of the closed subspaces of the 
Baire spaces K“‘, where by an s-image we mean all fibres of the map are separable. A similar 
result is obtained in which the domain is all of K~. Further, it is shown that any metric continuous 
quotient s-image of an analytic metric space is again analytic, and examples are given to show 
why the various assumptions are necessary. 0 1998 Elsevier Science B.V. 
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1. Introduction 
One characterization of a separable (absolutely) analytic metric space X is the exis- 
tence of a continuous surjection f : IP ---f X, where P = ww is the space of irrational 
numbers. In their paper [8], Michael and Stone investigate the question of how ‘nice’ 
the map f can be, in addition to being continuous. They first note that f can be neither 
an open nor a closed map, as that would imply that X is an absolute Gg, nor can it be 
one-to-one, since X would then be an absolute Bore1 space. They show, however, that .f 
can be taken to be a strong type of quotient map, namely an almost-open continuous map. 
Recall that a surjective map f : X + Y is almost-open if for each y E Y there is a point 
:cy E f-‘(y) (called a point of openness for f) such that f(U) is a neighborhood of y 
whenever U is a neighborhood of Q. Consequently, the separable analytic metric spaces 
are precisely the quotients of the space of irrationals. Is there something analogous to 
this for nonseparable analytic metric spaces (i.e., those metric spaces that always embed 
as a Souslin set in any other metric space)? 
0166~8641/98/$19.00  1998 Elsevier Science B.V. All rights reserved. 
PIISO166-8641(97)00146-6 
144 R. WI Hansel1 / Topology and its Applications 85 (1998) 143-152 
As noted in [8], the proof for the separable case can be generalized to nonseparable 
metric spaces and shows that, for every infinite cardinal n, any continuous image of ~~ is 
also an almost-open continuous image of & (a proof of this is contained in Theorem 3.1 
below.) Since any metric space of cardinality at most K is a continuous image of P+’ (see 
the proof of Example 4.2 below), this latter result does not provide the desired analog 
for nonseparable analytic spaces. 
In this paper we show that the above representation theorem, showing that separa- 
ble analytic metric spaces are precisely the quotients of the space ww, generalizes to 
nonseparable analytic metric spaces for functions defined on the Baire space nw ex- 
cept it is necessary to work with s-maps (or %-maps), that is maps whose fibers (re- 
spectively, their boundaries) are required to be separable. In particular, the following 
theorem is established-see Section 2 for the definition of an (almost) index-a-discrete 
map. 
Theorem 1.1. For a metric space X of infinite weight < K the following are equiva- 
lent. 
(a) X is analytic. 
(b) X is a continuous almost-open s-image of a closed subspace of I?‘. 
(c) X is a continuous almost-open as-image of KY under a map which preserves 
u-discrete sets. 
In the case of (a) =+ (b) we may further assume that the map is index-o-discrete, and in 
the case of (a) + (c) that it is almost index-o-discrete. 
In addition, it is shown that any metric continuous quotient s-image of an analytic met- 
ric space is again analytic, and examples are given to show why the various assumptions 
are needed. 
2. Some preliminary lemmas 
Recall that the Baire space of weight K is the product space /P where w = { 1,2, . . .} 
and 6 is an infinite cardinal with the discrete topology. We use the notation t In = 
tl, t2, ’ . . , t, to denote a typical point of C, and for t E P? we let tin denote the first 
n terms of the sequence t. Recall that the sets 
v,,, = {s E KY: sin = t/n} 
are open-and-closed, form a partition of nw for each 72, and together constitute a C- 
discrete base for ICY. If we define the distance between two points in K“’ to be l/n if n 
is the first coordinate where the points differ, then this is a complete metric on t? and 
the sets V,,, have diameter l/n. We state as lemmas two properties of the space nw due 
to Stone [9] which generalize familiar properties of the space ww. 
Lemma 2.1 [9, Theorem 11. Let X be a completely metrizable (absolute G&), cover 
O-dimensional metric space with a dense set of cardinal K such that every nonempty 
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open subspace contains a discrete subset of cardinal K. Then X is homeomorphic to t?. 
In particular; any nonempty open subset of X is homeomorphic to r?‘. 
Lemma 2.2 [9, Theorem 31. If C is a nonempty closed subset of nw, then C is a retract 
oft? under a retraction r that is locally constant on nw \ C and maps nw \ C onto a 
a-discrete subset of C. 
That T can be chosen to be locally constant on &’ \ C and maps that set onto a 
a-discrete set is easily seen from the standard construction (see [9] or [l]). It fol- 
lows that ar-t (t) c {t} for each t E C, where a refers to the boundary of a set. 
Engelking [l] has shown, in addition, that the retract T can be taken to be a closed 
map. Clearly any retraction is an almost-open map with each point of the retract being 
a point of openness. To note another important property of T we need some defini- 
tions. 
Recall that a collection {Et: t E T} of subsets of a space X is o-discretely decom- 
posable if we can write Et = UnEw Ein) so that {E,(“): t E T} is discrete in X for 
each rz E w (in the sense of an indexed family so that each 5 E X has a neighborhood 
U such that the set {t E T: U n Ein) # S} has at most one element). 
Following Michael [7] we say that a map f : X -+ Y is index-a-discrete if, whenever 
& c ‘P(X) is discrete, then {f(E): E E E} 1s a-discretely decomposable. Additionally, 
we will say that f is almost index-o-discrete if there is a o-discrete subset D of Y such 
that the restriction of f to X \ f-l (D) . ’ d IS m ex 0 tscrete. The latter definition may at - -d’ 
first seem artificial but the proof of [2, Theorem 4.11 shows that analytic metric spaces 
are precisely the almost index-a-discrete continuous images of the Baire spaces K?’ (as 
well as the index-a-discrete continuous images of closed subspaces of K“‘). Note that the 
retraction r of Lemma 2.2 is almost index-o-discrete. 
We need the following simple lemma on a-discrete preserving maps. 
Lemma 2.3. Let g : X -+ Y be a o-discrete preserving map between metric spaces X 
and Y, and let S be a closed separable subset of Y. Then: 
(i) if g-‘(y) is separable for each y E S, then g-‘(S) is separable; 
(ii) if agg’(y) is separable for each y E S, then agg’(S) is separable. 
Proof. To prove (i), suppose g-‘(S) is nonseparable so there exists an uncountable 
discrete subset D c g-‘(S). Since g-’ (y) is separable, Dng-‘(y) is countable for each 
y E Y. But then g(D) must be an uncountable a-discrete subset of S, contradicting the 
separability of S. The same argument proves (ii) since we have 
ag-‘(S) c g-‘(S) n u ag-‘(y). 0 
YES 
For the proof of the main theorem we need other characterizations of nonseparable 
analytic metric spaces. Although the following theorem could be deduced from various 
results in [2-4], we include here a somewhat simpler and more direct proof. 
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Theorem 2.4. Let _% be a complete metric space containing the space X. Then the 




X is analytic and of infinite weight at most K. 
For each n E w there exist collections {Etin: tin E K~} c P(X), each a-discrete 
relative to X, such that for each tin E K.~ 
(i) diam(E+) < l/n and Etln c Etlm whenever n 2 m, 
(ii) X = U tE& f-L,,, E+* 
(iii) for each t E KY’, nn_ E+ = nnEw ??+ (closure relative to 2). 
For each n E w there exist collections {EtllL: tin E K”} C P(X), each CJ- 
discretely decomposable relative to X, such that 
X = u (7 Etl” = u n EtInr 
tEnW lLEW tEKW n& 
where the bar again denotes closure relative to 2. 
Proof. To see that (a) j(b), assume X has infinite weight at most yi and is a Souslin 
set in the complete metric space _?, say 
X = u n Qn, 
SEW” 7LEw 
where each FSln is a closed set in 2. For each n E w let Dn be a a-discrete cover of X 
by sets having diameter less than l/n relative to some complete metric on 2. For each 
n E w let C& be any surjection from the cardinal K onto the collection 
1 D n F+: D E 2),, and sin E wn}. 
Given tin E K~, if &(tk) = DI, n Fsklk (k = 1,2,. . . . n) and if there exists s E ww 
such that sl,4 = Sk lk for each k < n, then define 
otherwise take E+ = 0. That the sets E,l, satisfy property (i) of (b) is clear. To prove 
(ii), suppose z E X. Since z belongs to some D, E Vn for each n and n: E nnEw FSln 
for some s E w”, letting t, E K be such that &(tn) = D, n F,I~ (n E w), it follows 
that z E nnEw Et,,, for t = tl ! t2, . i t,; . Since the reverse inclusion in property (ii) 
is clear, (ii) is seen to hold. Finally, if z E nnEw ztln, then there exists s E ww such 
that 
5 E n Etln c n F+ C X3 
nEw new 
since E,I~ # 0 and F+ is closed in _% for each n E w. Thus property (iii) of (b) holds. 
Since (b) + (c) is obvious, assume X satisfies (c) for the sets {Etln: tin E ecu} relative 
to the complete space 2. As the given families are a-discretely decomposable, for each 
n E w we can write 
Etjn = U E,‘;) and &,,, = {E$‘: tin E fin] 
?nEW 
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so that each I,, is discrete in X. For each n, m. E w we can find an open set G,,, in 
2 such that X c G,, and E,,,, is discrete in G,,,. It thus suffices to show that X is a 
Souslin set in the completely me&able space Y = n7L,mtw G,,,,. 
Given sin E Z we define 
Since the members of the above collection of which F5,, is the union form a discrete 
collection of closed sets in Y, it follows that Psi, is closed in Y. It remains to show that 
Suppose :c E X and let t E /cw be such that z E nT==, Etln. For each n = 1.2.. let 
s, be such that 5 E E,(;;L”). It then follows that z E (-):I’=, F+. 
Conversely, suppose 5 E n,“=, F,ln for some s E w”. For each 71, E LJ let 
pp . t?’ E ~1~ be such that 
Since x E El’;:,! for each ‘II, and El,, is discrete in Y (and hence also the closures), it 
follows that hl the ti7L)’ 
-_(sz) 
s are the same tl E n. Similarly, since IC E E ( ) for each 71 
t, tZIL 
and &lsZ is discrete in X, it follows that all the ,?I’ s are the same t2 E K. Continuing 
in this way we see that there is a t E K”’ such that x E nr==, ztirL. Since by assumption 
n,“=, Ftln c X (even when the closure is in the larger space x), it follows that r E X. 
That completes the proof. c1 
3. Proof of Theorem 1.1 
We begin with a general theorem showing that any metrizable continuous image of 
a closed subspace of t? is also a continuous almost-open image, which, in addition, 
preserves other properties of the given map like index-o-discrete. We use 5’ to denote 
the sequence space (0, 1 1 l/2, l/3, . .} topologized as a subspace of the reals. 
Theorem 3.1. Let PC be an infinite cardinal und let f be a continuous map from a closed 
subspace X qf’ IC’ onto some metric space Y. Then there is a closed subspace X* of 
t?’ x S and a continuous almost-open map g: X* + Y such that X x (0) c X’, 
g((C0)) = f(h)? and (t? 0) is a point of openness for g .for each t E PP. In the case 
when X = IP we may take X’ = K~ x 5’. Furthermore, if f is index-a-discrete, then g 
will be also. 
Proof. We will give the proof in the case when f is index-a-discrete with domain a 
closed subspace of I?‘, and indicate parenthetically the simpler construction without the 
additional assumption or when X = I?. 
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For each n E w put T, = {t/n: t E X}. Since f is index-a-discrete, the indexed 
collection {f(I& n X): tin E T,} IS a-discretely decomposable in Y. (See Section 2 
for the definition of the sets IQ,.) Using the collectionwise normality of Y, we can 
find open sets IV,, in Y such that {IV+: t(n E T,} is a-discretely decomposable and 
satisfies 
f(v,,, n X) C IQ, c B(f(T/,,n n X)> l/n>, 
where B(E, l/n) is the ball about E c Y of radius l/n relative to some fixed metric 
on Y. (If f is not index-a-discrete we may simply take IV,l, = B(f(V& n X), l/n).) 
We may also assume that IVl, c IV,,, whenever n 3 m by replacing &‘,I, with 
wt, n Wtltz n . . . n w,l,. 
Now let r : K? --f X be a retraction of the type guaranteed by Lemma 2.2. Since 
t/n E T, implies that V,,, and (f o r)-‘(W+) are nonempty open subsets of K?, and 
thus homeomorphic by Lemma 2.1, it follows that there is a homeomorphism between 
Xn(.k)-‘(W+) = f-vqn) d an some closed subset X,1,x {l/n} of I$, x { l/n}- 
note that for any E c Y we have Xn(foT)-l(E) = f-‘(E). Let htln :X,1, x {l/n} -+ 
f-‘(W+) be such a homeomorphism, so that the gtln = f o htln maps X+ x {l/n} 
continuously onto IV,l,. Now put 
x, = u {X+: t E x} and X*=Xx{O}UuX,x{l/n}, 
(Observe that when X = 6“’ we have X+ = V&, hence X, = &’ for each n and 
X’ = K” x S.) As a discrete union of closed sets in P? each X, is closed in K?. To see 
that X* is closed in K“’ suppose (t, 0) is in the closure of lJnEw X, x {l/n} relative to 
K?’ x 5’. Then for each n E w there exists m 3 n such that V,l, meets Xslm c V,,, 
for some s/m E T,. In view of the definition of T,, it follows that there is some 
t(n) E X n Vtl,. Since the sequence {t(“)} converges to t and X is closed in K~, it 
follows that (t,O) E X x (0) c X* showing that X’ is closed in ~~ x S. 
Now define g:X* ---f Y by letting glX,i, x {l/n} = gtln and g(t,O) = f(t) for 
t E X. That g is index-a-discrete is immediate from the following two properties of 
such maps, the proofs of which are routine: 
(i) Ifh:X--+YisamapandX=U,,, X, is such that hlX, is index-a-discrete 
for each n, then h is index-a-discrete. 
(ii) If h : X + Y is a map and {Xt: t E T} is a cover of X such that hlXt is index- 
o-discrete for each t E T and {h(Xt): t E T} is a-discretely decomposable in 
Y, then h is index-u-discrete. 
Since it is clear that g is continuous at each point of UnEw X, x {l/n}, it remains to 
show that g is continuous at (t, 0) and that (t, 0) is a point of openness for g for each 
t E x. 
Since the definitions imply that the sets 
U,,, - (IQ, x [0, l/n] n S) n X* and IVl, (n E W) 
form a neighborhood base for (t, 0) in X* and g(t, 0) = f(t) in Y, respectively, both 
properties will follow upon showing that g(Utln) = W,l,. First note that V,l, > X,1, x 
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{l/n) and d&In x {l/n}) = gtln(Xtln x {l/n}) = IV,,,, and so it follows that 
g(Utin) 3 IV,,,. On the other hand, if (s, l/m) E I/tin, then m 3 TI and sin. = tin, and 
thus g(s, l/m) E IVsl, c IV,,, = IV,,. Also, it is clear that 
s((X n vtln) x {O]) c f(X n v,,?,) c II’+9 
and so it follows that g(U,ln) c r/li,l,. 
That completes the proof of the theorem. 0 
The next theorem covers the implications (a) + (b) and (a) 3 (c) of Theorem 1.1. 
Theorem 3.2. For a given infinite cardinal n, the following hold for any analytic metric 
space Y of weight at most K 
(i) Y is an index-o-discrete, almost-open and continuous image of a closed subspace 
of tP. In particulal; Y is an almost-open continuous s-image of a closed subspace 
of IP. 
(ii) Y is an almost index-u-discrete and almost-open continuous image of K~. 1r1 
particular; Y is an almost-open continuous as-image oft? under a map preserving 
o-discrete sets. 
Proof. (i) We first show that Y is an index-o-discrete continuous image of a closed 
subspace of &‘. As a proof of this is essentially contained in the proof of [2, Theorem 4. l] 
we sketch only the general idea here. 
Let Y be an analytic metric space of weight at most 6 and let {Et,,: tin E nW} c Y, 
n E LJ, be g-discrete collections satisfying properties (i)-(iii) of part (b) of Theorem 2.4 
for Y relative to some completion ?. Furthermore, if we let for each tin E K“ 
then it follows that the sets St,” have the same properties as the set Etln with the 
additional property that Stl, = UT<& Stln,T. Now let 
x = c E Km: n stln f 0 
i nE4 > 
and define f : X ---f Y by defining f(t) to be the unique point of nnEw St,, for 
t E X. Clearly f maps onto Y by property (ii) of Theorem 2.4(b). By property (iii) 
and the completeness of Y, it follows that t $ X implies &I,,, = 0 for some n and 
so V,,, n showing that X is closed in 6”‘. Since f(V,,, C? X) = Stln and 
the collection {Stln: tjn E P} is point-countable for fixed n, it follows that each 
f-‘(y) can be covered by countably many sets of diameter < l/n for each n E w, 
thus f-‘(y) is separable for each y E Y. That f is index-o-discrete can be deduced 
in several ways. In [2, Theorem 4.11 it is shown that f is “co-a-discrete” (such maps 
are called “base-a-discrete” in [7]) and have the property that the image of any dis- 
crete collection in the domain has a a-discrete base (= base-like refinement). Moreover, 
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it follows from [7, Proposition 4.31 that f is index-o-discrete if and only if f is a 
base-a-discrete s-map. Alternatively, the above shows that X has a network N such that 
{f(N): N en/} -d’ is [T iscretely decomposable and this implies that f is index-a-discrete 
by [5, Lemma 6.9(a)]. 
Therefore, by Theorem 3.1, Y is a continuous, almost-open and index-o-discrete im- 
age of a closed subspace of fiw x 5’. But 6“ x S is homeomorphic to nw by Lemma 
2.1. Since any index-a-discrete map defined on a metric space is necessarily an s-map 
(a point cannot be the image of an uncountable discrete set) the proof of part (i) is 
complete. 
To prove (ii), we first apply (i) to get a continuous, almost-open and index-a-discrete 
map f from a closed subspace X of & onto Y. Let T : 6“ + X be a retraction of 
the type guaranteed by Lemma 2.2 Since T is continuous, almost-open and almost 
index-a-discrete, it is clear from the properties of f that f o T has the same proper- 
ties as r. Furthermore, by Lemma 2.3, f o T is a &s-map which completes the proof of 
part (ii). 0 
The implications (b) + (a) and (c) + (a) of Theorem 1.1 are immediate consequences 
of the following more general theorem. 
Theorem 3.3. Let f : X ---) Y be a continuous map from an analytic metric space X 
onto a metric space Y. Then Y is analytic in each of the following cases: 
(i) f is a quotient s-map. 
(ii) f is a a-discrete preserving quotient as-map. 
Proof. (i) Suppose f : X + Y is a continuous quotient s-map onto Y. By a theorem 
of Michael [7, Theorem 6.11 there is a G6 subset X* c X such that the restriction of 
f to X* is index-a-discrete and maps onto Y. Since X’ is also analytic, it follows 
from [2, Corollary 4.21 that Y is analytic. (Strictly speaking, [2, Corollary 4.21 deals 
with “co-a-discrete” maps which, as noted in the proof of Theorem 3.2, are equivalent 
to the “base-a-discrete” maps of [7].) 
(ii) Suppose f has the given properties. It follows from [6, Propositions 3.1 and 
3.3(d)] that f is hereditarily quotient in the sense that flf-‘(E) is a quotient map 
from f-i (E) onto E for every E c Y. Let D denote the set of all y E Y such that 
the interior of f-‘(y) in X contains at least one point say cry. Then the set M = 
{z,: y E D} is relatively discrete, and hence a-discrete in X. Consequently, the set 
D = f(M) is g-discrete in Y, and so the set H = Y - D is a Ga subset of Y. 
By the continuity of f, f-‘(H) is a 66 subset of X, and hence absolutely analytic. 
Letting f~ denote the restriction of f to f-‘(H) it follows that f~ is a continuous 
quotient map and f;‘(y) = af-l(y) is separable for each y E H. Consequently, from 
(i) above, H is analytic and hence Y = H U D is also analytic, since D is an FO set 
inY. 0 
It is shown below that the assumption that f is g-discrete preserving in part (ii) of the 
above theorem cannot be omitted (see Example 4.2). 
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4. Some examples 
The following example shows that, although almost-open continuous s-maps preserve 
analytic metric spaces, they need not preserve a-discrete sets. 
Example 4.1. An almost-open continuous s-map from a nonseparable complete metric 
space onto [O. 11. 
Proof. Let D be the set [0, l] with the discrete topology and let f : D @ [0, l] + [0, l] 
be the identity map on both D and [0, 11. Since each d E [0, l] is a point of openness 
for f, the map clearly has all the stated properties. 0 
The following example shows that the assumption in Theorem 3.3(i) that the map is 
a quotient map cannot be omitted even if the map is one-to-one. 
Example 4.2. A nonanalytic metric space Y that is a one-to-one continuous image of 
6“ for some infinite cardinal K. 
Proof. Let X be any nonanalytic subset of [0, l] of cardinality PC. Let & : K 4 X 
(n E w) be any bijection where K has the discrete topology. Then Y = X“ and the 
product map K“ + Y have the desired properties. 0 
The following example shows that the assumption in Theorem 3.3(ii) that the map 
preserve o-discrete sets cannot be omitted. 
Example 4.3. An almost-open continuous as-map from a complete metric space onto a 
nonanalytic subset of [O: l]. 
Proof. Let Y be any nonanalytic subset of [O. l] and let K = /Y]. Then Y is a one-to-one 
continuous image of a closed discrete subset of K” of cardinality 6, and composing this 
with a suitable retraction we get a continuous map from &-’ onto Y. As noted in [S] (see 
Lemma 3.1 above) this implies that there exists an almost-open continuous surjection 
f:K”’ ---r Y. For each y E Y, let t, E f-‘(y) be a point of openness for f, and let X, 
denote the space obtained from K?’ m which each point t # t, is isolated and t, has its 
usual neighborhoods. The space is easily seen to be completely metrizable. Let X be the 
topological sum of the family {X, x {y}: y E Y}, and define the map y : X + Y by 
g(t. y) = f(t). The g is clearly continuous and &-t(y) can contain at most the point 
(ty, y), since any other point of g-‘(y) is an isolated point of X. To see that (tyr y) is 
a point of openness for g note that if {I&: 11 E w} is a neighborhood base for t, in C’ 
such that each f(Vn) is open in Y, then {V,, x {y}: n E UI} is a neighborhood base for 
(tu> y) in X and y(V, x {y}) = f(V,). Finally, note that X is completely metrizable as 
a topological sum of such space. 0 
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The following example shows that the assumption in Theorem 3.3(i) that the map is 
an s-map cannot be omitted even if the map is open. 
Example 4.4. Any metric space is a continuous open image of a o-discrete (hence ab- 
solute 3G) metric space. 
Proof. Due to R. Pol. See [7, Example 7.51. 0 
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